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" nfa cé‘

*x &.2.13 &EMA&K On the existence o/‘ Q C/DO—-

Stroctore  for pro<ess abegras.
%M&Wﬂ‘mmwz}wmcpo-

e frre ﬁi/ﬂomaa.%;ohq btk ag A, , AT, O
M Fhonk an element O @ ad  fe o‘ia/éuwdu-d
Qemm,é Lo Cﬁm a-a e Least elomwent i a hﬁmf
/5%;6»6 mm < oo A, , AT [Toresen |,  fuck oo poo.
M W(cz‘ See bt (/’.a.w. be rronetre  n Fhe
' /%wcoe/z. o /émba.( s on A, o AP (extennted K,
:0'_) an't%. /%_u( /VLWA&,:

o< p
P<g > $(p) < s(q)
- (brkers. SC) W Fome ‘conkixt'), soes ret exié .
Pl Here bmi duck a po. K, Hea

Aa = aa +0 £ aa +4 = aa +A0 ¢ Aa raa =
aa .

Hence. AA = Aa +& , a confracl'chon ,
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2.2.14. E'X dWL v‘&%k{ﬁ W . Aeetricd
q A, Ma;mﬁwwucamkéeéi(ﬁ)&&

 Corllechion Hn= mply Mguates  1F Conbeining fa emply Lrrd.
- Depie f’n Ly, L, 647[;() He Frah oy '!‘7',//,({_ Za ﬁ(lm-g

L,#L = L UL

L,eL, waw /we/_,%cgj

L’/YL.Z' - U{www /WeLI)WZQL/] tottre
W, vy, @ fhe lghaffle’ of Y g W w,
(e-j.
ab U cod = {aéco(, Achol, cabd, cacté,cdab, acott

Lo, - U{W,m-w_l/wtsi,,ueijw%m_ Y
Wl Wy 0 e Aubut of Woww, ol wndd
M7 wth a 519‘ fw'

S tren ZL(A) W4 a ;fwauo alpbi. Wi, Aahsped ten

Clde hron ts PA e

z(:)cf-y) = z:r.+zy.
(Z- 7&0{) Z[(/-}) w  He inchat a.gbé‘k\. of PA +{Z(x+y)=zx+27//1

L.2.i5. REMARK. G #e alpebrn L(A) of fak +aces
of EX . R.2.14. Here o a pertal swler WA He

e

{.x \<x+7
X<y = s(x)< sCy).

A/alne/y,' X <y S L= Y.

Horoewen. , /fwm./?m a fo. wh fhese tentsone frio.
%f/bﬁld oletd pet Cxist. Fo-‘l) Congrole,,

2 (brc) g a (érc)rab g a(l»rc)-f-a.(bf-c) = a (brc)

|
|
;mm a(brc) = a(brc)+ab , a  comtrascchon
1
|
|
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-xfiz.z./(. EX. Show that one cam adbd a condtent e ("é/ack
hole ") to  PA L"ffeééer wnth e Awdey

@ = X o = @ = @

Aol Flfen oo conperimbre Colenjion PA. C/-e. ng srete

fan by PA ).

% |2.2,17. Open problem. Piowve Hat He

en_ f/ /OA
[ e, e et of all  ejuahong E(x) = s(x_ Z
Combsining  Garcabie R ) pemble by PA, 4 o/ec;o{aé/e_

X 12.2., 4. C%a. ﬁrob/em., Pr'otre. Hok e M/ 0; A% (('.e.
ale LJuabong ¢ = S betwen. frhocss Expressiomy  inthout
Truabbs  Such Hat AT = =5 ) 5 oecwable.

®12.2.09.  Open problem. . Pisie Hat  "PA Mot L

W4 ot ﬁmr’c\(/ axiomatizable C/}; Contrast Ur fhe /"171'47:
Gxiomapahin  gien by PA ).

Fere "PA withod 4" ) PA  tnloud  Ho astemmy Mznrfdn«j
L, awdl  exteasted A Axiomg '/n, A Suckh a4 He
| m Face 2.u¢ (p.6).

[Trie /nu,{uy 7 A (1‘-,-,/) 15 He Yedect 6;A (t,//&
/&-JW that e nyf} AL, (+ W)

o][ true ejmﬁww beturten clored éer-wJ
: Axioma (za ble |

I
i

ke nh A

.e. the fSet
5 not ﬁmr‘e/)v
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2.2 .20, REMARK . S o/wiv eguations n AT

Liuatimg Lall de Congitered  moie /%km/)'cazz] b Chagten XV
"7 fhese  hotes. There | we wilf M/é'o'}c oL ek ('37344«‘.4
of ) Yuahod Ao costibon  That Fhey aw 'g«a-emaaa(‘.
%Me_, e et To menbo. a 74(1,&’)\. alrpeet ~plectrm
¢f W'm .eicmfsw M. /7«,[/&"4; 7 Vdem, /4«46
Mé; - at [he plice of ém’q'é; oF ~$ole homy.

2.2.20.,. FACT. Le& Ej\,s

i *’ = 7;Cxl,---)xn-)

i xh = '7; (X,,-‘-, xh)

be a )}r;(em. o/' ?mb'oas ﬁr /\;,-..,&'_ ( s/ ok an7
CoMdHon oa Che Cerms 7;). .

7294_ E/Y has a Solvtron (lo,.v'“)/;,) o Am
(and also /o €ach of the Am 22l , anoA i .Am)-

Z.2.20. 2, FACT Lee X = T(X) be a recarssos
guva fon 74’!‘ X - Thea a Sofvbon /57' X, Say p,
can be obtuines m AT (AT) as the [fimié of
the rterafion Seguence

.2 » 7-(1)1 T(T(z)); erec 7_"(_2), ceons
747 aréi rar 'y 7 -

( Here A//_})neo 75C3) = p means : WV Fm (7-”7(2))&:(/0),1 )

L.%, 203 £E£X.
G) Show that X = PUKXK  hay Sevead (e, mote
e ) dolubimd  wm AP
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(i) -57 Conbrast | fle eguabio
X = pL X
has a  wnigue  Aolubm wi AT wdik e it ad
P

the " CU - merse of p. Tt 5 The limié of Hhe

/ era bon ’.K.zu.eho_
5 V4 ey - £
Lo LUP o plplp, - p =,
(Z_L‘ v ako the fmit o/ the iterapon fejuence
P . plp, plpLp, ..

Mote (hat we olo not el biackds plLpuep. bp, e’

/1474 L 4 ret aweciabve )

5.2.2..2;/. EX. Hovr  iman ,é%%q arg thie | Loe overL

M A 0]
He Cotlechon o; Such ctades o AL

fhat
freper cless o e Aense of MMb'c/.t&(t%eay,;r
v Fat f o, B e outinady  amst TH(E),
ZZ() ae Med fletg (ar fien by the € - relbon),

r(e) & Tr(A) < o= /3.



SUMMARY OF CHAPTER I, PROCESS ALGEBRA

CONCEPTS I

axiom system PA

finite set of atoms A
operations + « || |_

models:
process algebras

process expressions Am

modulo PA-eguality
initial algebra of PA

- (> -

process graphs, trees

finitely branching a* <

l process graph algebra
bisimulation between of PA o
process graphs ” subprocess of p in A

{graph model)

canonical process graph
jecti : of p in A”
projection ( )n Aw + Am A& g; D

A

\ standard model of P&

projective sequence
(91'92""
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SUMMARY OF CHAPTER I, PROCESS ALGEERA

FACTS

eliminability of ||,|_ from PA-expressions

sum representation of elements of be

-] <«
B+ A, A B x(y+2) = xy+xz

A, a7, A"k xlly = yllx
xll iz = xlly) |z

Lyl z=x[L (vil2

A Fg=h & vn ausu:z:

modulo isomorphisms:

Lamﬁmummﬂm model of PA

standerd =

aph model of

finitial
model
of PA

HPH

A
A : model of finite processes of

n depth at most n
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L. PROCESS ALGEBRA WITH COMMUNICATION
ACP.

U il now  exbend (e Gotcom systom PA  of Clagten I
bk He /aa‘/f‘c‘/ "Z Commonication befoeon frocesies,
7:46 COMe e Ca oo, twll  be oo fleod é/ action 3‘4417;:7.
o PRl adomic ackiond  wire on -egual fom‘m; i
xpotble  of 4“;?‘ peiformet  trfhout ma A ACP ,
@Algebra of commonicating processes | e wll witie.
pluce rent o rthes Kin OF radehenstent o1 aulonsmoud
aetriod , v . called Subabomic asfony Chich e
The ol mmote  OFhtr  deelradrrue  asbiond o e - Te
ucewtd . C Cf He subatmic aectiomd C/E and Clx
in Flowie's CSP , whose frmultancows esxceceton Qn drenty
Lo Hha Mﬁjnmmf oc = ¢ ) Fe eocetubon o Eem G
’mm/' alomic achm,

&0&‘7 s trosted  of thared sehind , of whih a
porticelar  case '4400(!444"1'/37'} bt lonll ad A
2pplication jnocted  Fhe Frocess ;tm 67 @ Aalaflow

neblwork

75\}&(‘4»; /ea. , wmrﬁgﬁmmyﬁomw

© ¢
fj J:

p= @) 9 = Cefy)®.

TZe Amo? —&n_&( olerncte W'c achond , lhe Flegd € Rwsl
} 12 Pl fpmic  aching anal  necol each oFAes /a-,éq/éam
He attm A Fetabion, :

-~

C/; - A,




arol 9 be
a J')O
e N ¢ )
A.
f / f
I—Lty <

Mg == (Lale Ceps) v bep) e (30t a)])
!
| Rmm% ACP  (on #He next gage) gris
I/Zz neany Lo canpalt He Atrtts of ~tuck M»Zam'c{rs‘y
Frocested i am alyebiace Ly,

, ACP 4 ow  exbnsim of PA , tGut not FPictl, i
e dtege Mok wiong ore aclled ; ne amiom From. PA

é(m‘a. M1) G asapket
acl)r 5 ACP o dum o fhace M,Mwﬁ

i xlt)y 5 )/E.:L Gnd e reer Avommandd x/)/

Here XLy W, m PA, A x//7 " but 5"“{7 1%
W pleg fiﬂ'm . ;  heanse yaox ;  ani x/7' «
Aike Xty Gl Aeguaey  fhe fuist ackm e be e
sll of a  Commumication ( Letween a st deebarmic
Aep' of . and a firt  subwdomac Bhefo af/)

T nor pernfor ' / " 4 ellbA commanicaCon
merge ; om e el A of abrrng and Fubatrmac achond
Fou a %lwa}/ Fenehion , Che communication //’mcé'am .,
ChE G e o pU . TG commukBoe ans
asvtiabve . The precic choce of He communicabm Finchn
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X+Fy=y+x

x+t (y+2z)=(x+vy) + =z
X +x=x

(X + ¥)e2Z = Xez + yoz

(Xey}ez = X {y.2)

X+ 48d=x
Sex = §
alb = bla

(a|bt{ec = a| (be}

8la =&

x[ly = x|y + ylLx + x|y
all x = aex

(ax) || y = atx|y)

tx+ il z=x|z+y| =
tax) |b = (a]b)ex

a|{bx) = (a|b)ex

(ax) | (by} = (a|b)« (x}]y)

(x +y)lz = xlz + y|z

x|y + 2)

x|y + x|z

3H(a)=a if agH

QH(a}=6 ifaewH

il

gl +y) A lx} + 3, (y)

3y xey) = A )2 (y)

Az

A3l

a4

AS

A6

A7

Cl

c2

c3

cM2

cM3

cMq

CcM9

Di

D2

D3

D4

Axioms of ACP
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Vmld L Ha application of ACP  oAhid e has i el -
st as He choce of the alpinbet A, Thes ACP 4
Iht fact prramediized é)« A and é/ e Commennd cabim
‘ﬁmcﬁ'@i

/.’AXA-—)A.

TZe atifperence HBetween hel re called ' indefenstent’ afimd
Cand  Awnbafrmic achon | reedy ﬁ‘bﬁ(m/sév, net L Oe
- przdle explcct  n He  aociom »y.ném.. WAt & atrmic
Gl thak cbatnic follw by an  ingfechm If Fhe

ANt R CA O )’4"55'@1 '/ e

Blpotey & howr operatol '/ ' Comemunicatin merge,
. Here afpear lwr hewr iigrestients w He /yémz‘wzz af
- ACP  ad eormpared Zo 0}( PA
, e #art 4 a  eodfart 8 | whid G a hers’
'fn + i protecover -Fahslies

dx - ('A/?’j

e ﬁt Aeadlock oo /2117are I smay de
ebateble. whal of Thtse fur (€ Shncts  fou exactly -
howton e want Tr ShOU - Cehcwel Fheg olebat dipce Che
Aatronale of 8 4 hot B rucd A Ademanbed ad B
parbretar  pleromenon im fhe /w,ag/ of comcurtent Lyshmy
Cag h aljedtaie funchbo . Fteed, 8 wntl frm out
Z‘a—aﬂr« R, :%m/u Gool 4 mdFlwsmentul i cres

:%mmnﬁm a}’ cpzuauuuc;.

: He et ntws fnfub(a‘mf L ﬁw«o( by e
ehca'bfo/a Gon. O/erators' 3 Where 7/:;:_: A.

i . ‘ L4 .
Bxﬁy 9/_/ ok of s groces  espreapron b
L Aesudd 8/70),» peend  that He duibatrrai  altond

/ne/z//vanu(m Y anst occ«,m,(‘y o /5 , Can /Za-éanymne_
Commanndcate LA an ‘external Cprocess c"ée/v Asire
- Aol el  chance  Inmnte £
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/,f’uw-u-y, loe have e ﬁamy Apratiee T ACP .

X+y  alternabive composifon (Sum)
o - )/ s ezaenffa/ Composifhion { praducﬁ
: axl y paralle] Composibon C merye)

x/ y commarnicarorn m

/:AXA S A  Communicabon ﬁmcdbn
D (x ) €rcapsa /afon
5 oA eaolfock

*i// REMARK. n #he fottowing domsc  ACP G an exhnsion
P

éﬁ Ha  Commmmnncaton %dzcﬁm be h»u’na.! /e,
1
| a/b = §

P alt abeA. Tan te metch A, AT, AT s PA
(m% Apratere  F, o, 0, L) ate jwf r*eo/ucé.r af e
| medtels A, , AT, AT ACP  bhich  tre ol comegticet belrs
| Gk which have Gpakee o, ), L, [, D, 8

.2. Process 4‘/7e6rar for ACP.
mmwajwﬁﬁoo 6 analgpons b Kot fro PA,

e bnll be rwuch Ahottes Réw in ma@w/ﬁm
&/am we  tnfrooluce

A, , the initial alyebra of ACP
‘ Aoo » Uhe process Joeh ajeém of ACP
l A%, bhe stansare( smodel of ACP.
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e Aoma mw @ikte  as Lo which /hjmﬁm.z. s /%a/{d'f
PR ov Hhat of ACP, 4 huwart (lohen 4;“/«,:7 alrt A,
A%, A% Thes  comfision U drlees

(&) 57 e Confenté

) by prantioii Hhe kol Sypuaturs  cxpticitly , 2

Ay (o) v Ay (0., 13,,3),

(2. The jpitial alhebra A, of ACP.

6%LAMM'7AQ,MAM/AM(%&MA)&
ArrranamnicaPm %&V-Cﬁﬂt / PAXA 5 A, o a  Sutdzed
HC A (/tzmze . enea,éofu.&ﬁ‘m ?mr‘n 9/7,)

Nor A, conbaing as tlomenks : Fhe  closen froves
Loapresiond ( tn e Fipnatire  of ACP ) mactuds the eﬁm&é)(

ftbtu 57 ACP, By % MMy

2.1.t. FACT. ( Mormat form Cheorem)

For cack closed Cerw ¢ there is «a close Cermy ¢'
rot ccaém’niy 4,4, /, 9# such bhat

ACP |- €= ¢

C;:WM o S case A, (r,e L) ), o1 ag
He fnde  process Frets  wdid e ercounknsl o Ch.T

2.2, EXAMPLE.  [eb A = /a,g, e, e, %, 5.

Let ]+ AxA 5 A &fhben 67 cfc = c° , an atll oHer
Lommmuna'cadond W s ( ', a../é = </c® = A fa = ...
Fontlon |, Lt H < L/Cf . Thea:

B//[(aé-f—ac) //coC] =

]

5).
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a{c} [ab||_cd + ac|l cd + cd|| (abtac) + cd|ab + cdlac] =
}{Cf [a(b]lcd) + alc|lcd) + cid]| (abrac)) + (c|a)tdlb) + (cla)(d|[e)) =
3(;} [atbcd + c(d|]b} + (b|ec)d) + al(cca+c(d|c)+{c|ec)d) + c(d]| (abtac)) +
' + §(allp + sdllerl =
chj fa(bcd + c(d||b)) + a(cecd + cldllc) + c°d) + c(d]| (ab*ac))] =

ab8 + aced.

Once ajac}:_, " a /:\;?a.re R

7=17

2.0.3. EXAMPLE. Lot A o ] be as o Fhe frting Exampl.
the er;c‘d/!u/aﬁbt ?Q/LAP‘#‘L .

Consenten. c /¢
RN/ S (S I&AMQ%M'M that net needy U
LPrprtiseca ke M , ‘e, f cHC U e /4¢¢'-

chy (cre) , He rermst & c°,

(ﬂéme/y Q{C} (c‘yc) - 9{:‘ (CLC - Clce +C/S

’ g )9@@ W Py Y

é/./ Qt-%mwj Che = cc +C° | arn He
%Loaﬁ Ctrn, Lomsnuimiake M)- €2
Ehc)ic  amtuats & Frme ity lrkerk oo
Py Yoy pretu <76
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2.2. The_ process Loph_alyebra A for ACP.

Flie. dopunitoon of A(F.0, 1, ), 9y, 8) poratleds Hat
74 A+, L L) o PA . B astwhiom B e Lt
”"’/"‘."‘A”L bre m«uyz‘ﬂ/t&ﬂaw.cj/icwﬁm

//,ZL,/M%? ( Clsr V), £, becrse Hore e oo

ACP  gpeefient by dffunt aniimg Haw o PA.)

N

Jf S A e /w«éf( /ﬂmoﬁdj M/ﬁy-»@ Aewn j//é ef
s A caréesran /fodact j/"a/ﬁ‘. enricheol iikh
oliagonal ' eolges . L te ;4(1@7» 7 ek i ;

//Z'

jll /7' » j/ﬁ 7/3(,( Aetudly  lpdath  Can nrors D
/uuup(. An example @l fuffice .
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A = Q, é, C) g
( 4&' Y ’!l ‘&Jé
/ we .Am Q CQMM“MICA .dr!_ W’ ; e
a. b Ly fée 06/7 ,p‘ oﬁ' ! Cémmunlt’aﬁ.on .

onn O~ O

sron O o0 e
onon O D |0
OF\MO'\MO
oA O On B (0
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@b [ bat ab-4 bad batb Lab at f4aé.
a, 4’ L & A ¥
éi c ¢ % é [al

3

L Mo Hat el modals biEimatation) ¢

B

F'nally, the effect of 9/1 on e M ;
4:'»1,5? L Uptace all ae #H whih ocewn m/ é/

e

REMARK . Ore fhasg tred  Seogpt lommtor Vhe dup.  TAe

tlesments  of AT 2ee neks mcé:z rocess

wiode b Uohmeclahon A neod o'

Here He  Conglart ') ieot )e,a‘ wwe. 1 enfianse,
Ao wAat i a Drrtnhsr  Letieon A e

AAne eatfed m? te Alobeterd K 57 ° Jhe vt Sy -

Cept 4 trawfheent  nawr  proce  ff etk /wf‘.fm;;r/y Hie

et xS =x amd Sx =4,

—ét‘} ‘e a A HAen Ao ?.I}MMq//af'm af;

o He  puagh J’ g Fai et é" o@&ﬁ?/ ald  J-shyy ahics

have @  roHet! St anod cread . e /Lmiqy

J,ﬂw % /Leag? Rparate @nol Hooted %«/ﬁ:‘d s conneches

frecs  of e fUH dsc demares

WJZJ" j ool ’4 28 J/'_I‘/)n/'é?f 7[\ /«M cr-w
ﬁ'bwvj Gre  bisimifar  n e ol gense .
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Fa W f Fhese olefunifiond o
122 FAcT. A~ = AcP.

(lting  fese hd , lre hace Qe ""’72:"“”7‘“”'
e WZ 4}1 fm Exampre oZ:L:-Z /,b.o’).-

J— a N b

abwrac)fcol = . ,
( ! S

BL/C_} , He Ademaind are:

that is' aba +ac°d.

23 71& Sanctarod rmoofe/ Am /Qr ACAP.

72& ondtietion of AT i entireg Araltofoud T FHat
FPA

230, EXAMPLE of a <omputsbon m%”(vc,-,/,&,/,%,/,{
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Let A.={0<.,6,C,ol, 5/ > afa = o He mff:/ WL
Ao eca o ,

Nor et p= (a, atb, abw, @bt ...)] avsd

- j - (‘Q, ac, aca, acac, .__)

Uhat o % Cpus) 7 Tt o

BZ/”'f ((a'.//a), ,(cz,é-//ac)‘z ; (aéu.//aca)j)...)) =

(D{q} (a//a)/ , 2/«] (attac) e ) =

C oy Ceard) o () o) =

(A, olbsc) , d(berch), o (bcuch)ol y o)

[Re Aosre  im ﬁoo ;

a a é a 6 _
] 2 o
4 > é .

C c c

a N 6 ,

c [ <

—
= (’C(Ac +cé)_)

Alberna /r'ue/), :

.
il

g~

Yt ¥
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2.4 Pre OCess algcbras with sfanotarcl Concarrenc7
and /)MdSbaka’::}_,

a ,a/uﬁ,c( Lo et oon. bl Cd»um.am'cqu'y /67/00%4(4 e o

ke et [ G ComemndnBiot  amd gepvecative, T
oloes ot pollews from e ancons of ACP; paphriosical
W aﬁ&&zad L, NI CTrarmilabspe  ewmd O apseia e
A are Fomdle. Bt mﬂ&%’wrewa-gemw/? Y e,
AT | Y a4 tteed Comematebve twsl aniceca it

P pact, Hec ogebng ey Ao fotlrois

dx/bms 0/ Stanolaroel COncee rrency

Uyl z = x| (yltz
(x|y) |z = x|yl 2)
x|y = ylx

x[ly = yllx

xftylz) = x]y) [z

x|[tyllz) = x]||y) [}z

( THese arncoms dre met nolefpemstent Aolabve Ve ACP, Ei?'
Commubnbiohy and  anocaboty of [ ase olevieble from

e oHen Frer G ACP). )

/7mm, fa Frey a«u_M Htn bt freal 47 Wy

hanol Shaking axrom.
/

x/y/z =8

e

bhich e Sahifiel by both CSP awx CCS. TR Aznd-
4%»&7 Coeom.  bwplets Sfhal alf froper <Commsiicaond

are bina ~y .
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Amden. A A;;ba%ued of APrnatarol e Lincy 2l
~He. %,wcma/uy‘ ariom, Gt cam.  Jleve fhe ﬁ-((nwy
74% btk o a W'zg/,ah_ of He ACP - 2riom

CM 1 0‘

2.4.1. FACr Excpansion Theores )

3 4
X fo-lxy = "Zx,.f.)g‘ * I%(.ti/f/.)LXé

/ﬁre XZ s obbaineod é)« me:yriy X, s Xy awpl X ,

s ) ]
daol X:& /5 obtained é)r merging X, ..., X, €xcest ’?’5
(£33).

2411 EXAMPLE.  lre fprove e Enpatsom Herem fou k=37

x, //x_z//xJ =

)
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