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Aus dem Paradics, das Cantor uns geschaffen
i k)
soll uns niemand vertreiben konnen.

David Hilbert (1926)

t0 ANSWer thG Many Vujsvwvsss; <=~ - ]

magnitudes.
In mathematical circles howover these activities of Cantor werc considered suspect

or worse. 1he following extract from the letter of 17-10-1887 from H. A. SCHWARZ
to C. WEIERSTRASZ (I [85] p. 255) may illustrate this:

¢ A fter I found an opportunity to contemplate this note!?) I cannot conceal that
it scems me to be a sickly confusion. Whatl in the world have the churchfathers
to do with the irrational aumbers?! . . . If only one could succeed Lo accupy the
pnhappy young man with concrete problems, .. .. otherwise he will certainly

come to a bad end.”
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ordinal number

(D Tinsomn )
An ordinal number is a well ordered set S such that, forevery r € 5,

r:{zE5|3{r}

(where < isthe ordering relation on 5).

There is a theory of ordinal arithmetic which allows construction of various ordinals; for example, all the

numbers 0, 1, 2, ..have natural interpretations as ordinals, as does the set of natural numbers itself (often
denoted w in this context).




prcdinal arithmetic

Ordinal arithmetic is the extension of normal arithmetic to the transfinite ordinal numbers. The successor
operation Sz (sometimes written = 4 1, although this notation risks confusion with the general definition of

addition) is part of the definition of the ordinals, and addition is naturally defined by recursion over this:
e z+0=x
e T+ Sy= 5'(3: + y)

e r+a=sup, _.,r+ 7 forlimit «

If = and y are finite then = 4 y under this definition is just the usual sum, however when r and y become
infinite, there are differences. In particular, ordinal addition is not commutative. For example,
w+l=w+S0=5(w+0) =Sw
but
Tk = suljn{wl—l—n:w



Multiplication in turn is defined by iterated addition:

e v-0=0
e - Sy=z-y+=zx

e r-a=sup__, T forlimit o

Once again this definition is equivalent to normal multiplication when = and y are finite, but is not
commutative:
w-2=w-l4+w=w+tw

but
2-w=s8up__.,2-n=W



Both these functions are strongly increasing in the second argument and weakly increasing in the first
argument. That is, if a < J then

woptesyt B

R T

e at+y<i+7

o gl By



T H E B O O K O F

umbers

JOHN H. CONWAY

e RICHARD K. GUY

T H E B O O K O F

umbers

Journey through the world of nunbers with two of the

- field’s most entertaining cxperts as your guides.

The Book of Numbers invites you to

= fraternize with famous families of numbers

® appreciate the primacy of primes

® fathom the fractions

* imagine imaginary numbers, and

® investigate the infinite ones.

This is a book unlike any other. Ranging from a fascinating survey
of number names, words and symbols to an explanation of the
new phenomenon of surreal numbers (“an extremely large vet
infinitely small subclass of the most recent development of num-
ber theory™), The Book of Numbers is a fun and fascinating tour
of numerical topics and concepts. It will have you contcmplating
ideas you never thought were understandable—or even possible.
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objects, since there isn’t a last number that you used.

CANTOR’S ORDINAL NUMBERS

The great German mathematician Georg Cantor was the earliest per-
S0 to construct a coherent theory of counting collections that may
be infinitc. For this he extended the ordinary series of numbers used
for counting, as follows:

Bl e usual,
then w, w+1, w+2. . .. then wtw, wotw+l1, .. .
and so on.

The important point about these numbers (and, in essence, their
definition) is that, no matter how many of them you've used, there's
always a (uniquely determined) earliest onc that you haven't. Cantor’s
opening infinite number,

@ 12 ool

is defined to be the earliest number greater than all the finite counting
numbers. We’'ll use

fa, boie,. .| }
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for the carliest ordinal number after 4, b, ¢, . The vertical bar
signals the place where we've cut Off the number sequence
@, By €y oo v TOE example,

{n,1,211=3,{0,1,2,..vl}=m,{0l}=1,
(13 =00, 52 -wli=a+L

To avoid inventing lots of new words, the symbols @ + 1, @ +:2
are used as proper names for (e ordinary numbers following o ]ust
as “hundred and one” is the proper name of the number you get by
adding *‘a hundred” and “one.

When you count things, you arc really ordering them ina special

way:

{012,.|}=w

= \-’Fﬁ\ PD‘G"
ﬂ f here
.J\_J_ i -Q.'_"_\_
N

(&) (v)

rGURE 10.2 Varous numbers of poles.

To count the poles in Figure 10.2(a), yow'd say, <0, 1, 2, so there
4re 0, 1, 2|} = 3 poles here.™ But nOW look at Figure 10.2(b), where
we imagine that the road is infinite, with a pole for each of the or-
dinary integers O, 1, 2, _ Obviously, we should now say.



In the futurc, we'll represent such an infinite sequence of objects by
@ \

Il

0123 --- ' 0123

(recalling Figurc 10.2(b)), but wc’ll represent a finite sequence by
poles of equal height:

&t e

(recalling Figure 10.2(a)).
1o add two of Cantor’s ordinal numbers, you just put their pic-
tures side by side and do a recount: For instance,

010
2+é]‘w
i s 2

1 2 (old counts)

54 (rocount)



Of course, we get the same answer from 3 + 2, although the re-

counting’s in a different order:
Z
2

@]
Z'X
O

itc numbers give some surprises! We find that 1 + @ is the

\\% =i G
i _._m\l\\hm.

1 1

4

N—90C
I
&

1

But infin
SAME ds w.

0

_.O

01

but @ + 1 is bigger:

&

\ =0, % 2 v ns wl}=m+1
m hl]nu

"

@]

T 1
2

—90

g12 W=+

In other words, this kind of addition usually fails to satisty the com-
mutative law; B + a may be larger or smaller than & + B



As a higger example, we'll add o = m+mw+1 to B8 = w+4, both
ways around,

(w+wm+1) + (w+4)
N
S
\ \ N
(a7 e S ST e 2 o ek 3~_mh“.:(!:l'—(r]-!-r_|]é£i-
g £ T+ Ii++
5 33 5253
8 s =32z
(@ + 4) + (O+®+1)

A
: / <

=W+ O+ e+

Gy + i
[ RO
til 4tk + G

Since two numbers, «, 3, in their two orders, can give two distinct
sums, you might expect that three ordinal numbers, «, 3, v, could
give six different sums,

sy eyt B Blaran Bioby, ek B, B

but it turns out that at least two of these six are equal, so that no
three ordinal numbers can have more than five different sums.
By taking the largest possible number of different sums of # or-

dinal numbers for z = 1, 2, 3, . . . , we get the sequence
1 z 5 15 a3
g1 193 449 55 55 X B
81 81 X 193 193 335° X &1 33 X 812
812 &1 X 193 gl X 95" 1857 35 X &1°

and from here on you multiply the previous row by &1
2 BP X195 B R19FT 8l X 1957 33X 8.



So the largest number of different sums that 7 ordinals can have be-
haves rather strangely. For 15 or more numbers, it will be either a
power of 193 times a power of 81, or 33 times a power of 81.

MULTIPLYING ORDINAL NUMBERS

Now let’s sce how to multiply Cantor’s numbers. The product aX 3
is what you get by placing B caopies of « in sequence: for instance,

A
—

as you might expect, but infinite numbers continue to sSurprise us.
When we take  copies of 2, we see that 2 X @ 18 just w:

o

® 01
o1

| ‘ | \H\l\\um




but w X 2 (2 copies of w) is the same as w + w:

) 0
® 1 ® 1
z &
3 )
4 . 4 "
W X2= | : =®M+©
!

g il gty | i
+ o+
83

What is @ X @ (which we can write as »®)? It’s a much larger

number than the ones we’'ve seen before. It consists of w copies of
o, placed in sequence:

&
]
wXw= ® =2
| '
)1
| CUUUE e L O (I
400 [||||!|- ! |||I|1 | LE N, | 4L DL | |i:!
012 Rl 3:2 G §+N o 155
8 = 5?_3 3 2
2z

What about o, of, ... ? Well, of course, w® = w® X @. We can
get it by having  copies of a pattern of w*:

M [\ Mmﬁ. M -



Then you get w* from w copies of this; then @ from o copies of
that, and so on—we won't draw the pictures for whw,  —and
there are lots of other numbers. For instance,

WOX49 + m*X8 + w'X3 + wX57 + 1001

lies between °® and «”. Figure 10.3 shows a pattern for the number
@*X2 + X3 + 7.

b S M Mo e Ry I
\_ \‘\\' N \\\\' ! \\\\| "\-.\. \\\\ | || | | ‘ | |

AGURE 10.3 (0® X 2) + (w X 3) + 7.

Can we go further? Yes! In Cantor’s system you can always go
further! The number

=1l+o+tfte+o

is ohrained by juxtaposing all the patterns for 1, @, e S R ¢,
that order. Then you have

et 6 7 i o e D w2 w” + o X3 ...
w® oo o+ L @5 F e s D
B R R G el R N T T T

I e T R + w,...

B A 43 =2 w5
AP T R BT e T S T
=i

ae o T W PRCRR W e

O e e g e R e L Y

The “limit” of all these is a number that it 18 natural to write as

where there are © omegas. This famous number was called &, by
Cantor. It's the first ordinal number that you can’t get from smaller
ones by a finite number of additions «+ 3, multiplications aXx B, and
exponentiations o. Another formula for it is



INFINITE AND INFINITESIMAL NUMBERS 2Tl

On the surface (lis axiom sounds quite innocuous. It says that if
you have any collcction of nonempty sets of things, you can make
a new set by choosing just one from each set of the given collec-
tions. On the other hand, Zermelo's result was so astonishing that
many mathematicjans, from his day to ours, have had grave doubts
about it.

COUNTING THE SAME SET IN DIFFERENT
WAYS

There are lots of ways to count the full set of integers, positive, ncg-
ative, and zero, using Cantor’s ordinal numbecrs. You might, for in-
stance, count thein in just that way, positive, negative, and then zero:

NEGEE. CEEE

@ o+l et?2 ot+t3 7 wXZ

The answer this way (the first number missing) is w X 2 + 1.It’sa
hit more economical to include zero with the positive numbers:

clalalel=l=l=]=
w

w+l ot+2 wtd

That way you get the answer w X 2. More economically still:
[o] [ (= (2] E2lle]
O 1z Zew TR IO

and we get just w.
You can see that the answer you get depends not only on the

objects you count, but also the order you count them in. The positive
intcgers can be counted in lots and Tots of different ways. The sim- -
plest is just to put them in order of size:

I 20 3 4 9 ans.: w
Or we might prefcr odd numbers first:

I 3 5 Jiigs 2 g B ans.: @ X 2



We might cven discriminate further, classifying numbers according
to exactly which power of 2 divides them. This gives

Bt o5 B S
thepn. 22 6 10 14 18 ...
thenh 4 12 20 28 36 ....
then 8 24 40 56 72 ... ans.: @’

Equally we could classify them by the odd factor, i.e., reading this by
columns, getting the order

T 3 e O
then 5 6 12 24 48 ...
therr 5 10 20 49 80 ...
themn (7" 1 28056 7112 oo, ans.: again w”

We can be even more profligate. Let’s first have the powers of 2:
1R ] G (e, so far)
Then 3 times these, 37 times them, 3° times, etc.
36122448 ...91836 72...27 54 108...81 ... 243 .. . (" morc)

Then 5 times all the numbers so far, 25X them, 125X . . . and so on:

5 30 20 40.... 15 - 30 60 ... 45 N 180 ..
25 50 100 ... 75 150 225 450 _—
125 250 500 ... 55 s 1125 ... (& here)
625 1250

......

Then all these limes successive powers of 7, (cu*' more)
and all those times succcessive powers of 11, (m:’ more)
and so on using the primes in order.

This way we get in all

o+ttt t = w®

for the final answer.



e
)
) (] m® ' I

e Wit e R i 1 R e G a2

It is also the first number that satisfies Cantor’s [aimous cqualion
«® = e You'd think that this couldn’t happen, because

w' is much bigger than 1,
o

- even more so than 2,

@™ still more so than o,

but Cantor showed that his equation has lots of solutions. The next
is

il 1

€ =C( + 1D+ oo + 09" + o + .-

Then come

€2 €35 - 00 Eup Eppas - - Emzs e - En oL By oL
Cep Cepttr + v v Cgpbmwn - - - Cetw™ - - - Egxay -0 Egpy
B s e N e e e ML i e e R S
5 i =0 “1 5 Ee,
and eventually
EE 1

which is the first solution of €, = «.

How Far Can WE Go?

The ordinal numbers go on for an awfully long timc! No mattcr how
big the set of them you've already got, there’s always another one,
and another, and another, and . . . . The precise situation was guessed
by Cantor and proved a quarter of a century later by his student
Zermelo in 1904: there are enough ordinals to count the members of
any set of objects, no mattcr how big it is. Zermelo’s proof showed
that this depends on a hitherto unrecognized principle in mathemat-
ics: the so-called axiom of choice.



How to Count Up to the First Epsilon

Note: Several boring passages in the following sequence are omitted. The way it should proceed at these spots is, however, quite clear. Similar cuts

would be necessary even if presenting only the series up to one billion or less.
0

=W N

omega
omega
omega
omega
omega

+ + + +
= W N R

omega * 2
omega
omega
omega
omega

*  * X %
N NMNDNDDN
+ + + +
= W NP

omega * 3
omega
omega
omega
omega

*  * X %
w w w w
+ + + +
= W NP

omega * 4, ...
omega” 2
omega”2 + 1
omega”2 + 2
omega”2 + 3
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Chapter 9: Ordinal Number Theory

9.1. NORMAL FORM

It is casily shown in elementary number theory that if # is any natural
number, then there exists a natural number m and natural numbers a; < 10,
i=01,...,m, such that

=g 10"+ gy 10+ --- +&- 10+ a5

and the representation is unique. In fact, it can be shown that 10 can be
replaced by any natural number & => 1, in which case the condition for the
coefficients ay, § — 0, 1, ..., m, is that they be natural numbers less
than &.

We shall prove a similar theorem for ordinal numbers, taking
h = w, but any other ordinal number larger than | would serve as well.
First, we shall provc a preliminary lemma.

LEmma 9.1.1. MEw&(vYmim = n—
(0) g C o g~ 0&
(bm+13n— on < e &
(€) o =wmay | w™'Gay+ - - +an@m)] —

a < W,

Proof: By (c),

o = o, = @, g oe e A wTal
P R (b)
- nl""‘{ﬂ'u 4+ a4+ ug:} {R.ﬁ.]d}
< W (a, 8.5.11)
-, (8.522b) m

TueoreMm 9.1.2.

aE Q0= AlMhE w&(¥Ym)im = n—
{;1|'.'.|'#}|:;IEIH}{:H"| '{ ofd &ﬂm :": D&{m + i- E M =t Ty {: ﬂl'l*l} &
a = wod, + @™y + -+ wre@))].

Proof: The proof of existence is by transfinite induction. Suppose
that the theorem is true for all 8 < a. It Tollows [row eacicise 8.5.8(f)




ALINE Ay WP iS00

If & = 0, the representation
o = e, + w1 e

where e = ey 5= 200 = iy O T ay & w, And uy Toty -0
a, # 0 is called the normal form of a. It follows from theoreim 9.1.2 that
every non-zero ordinal number has a unique nermal form.

It is clear from the prool of 9.1.2 that any ordinal number @ > 1
could have been chosen instead of w. Therefule, the following more
general theorem holds.

| HEOREM 9.1.0.
(= 080> ljﬂ(alri)[uEw&ﬁ'm]{miﬂ—l

@la) @) (dn < B & dn 7 O&(m+ 1 =n—0m < ) &
o = fra, + a0 + greao))l-

Suppose that a = 0 and that « is in normal form. If s = 0, then
a — wle=—la, -+ o, R el B we— Varg)-

Therelore, since « is & limit ordinal, it follows from theorem 8.5.9 that «
is a limit ordinal. On the other hand, if ag = 0 then, since g # 0, there is
a b, such that an = by . Thus,

S 0 T, p i e + ba
= (wu, + ot + wmay + b

Therefore, in this case « ig a non-limit ordinal. Conseque ntly, we have the
following theoren.

Tueorem 9.1.4.
(e 0&a = ody 4 iy e T iy is the normal form of a) =
(e 15 @ limit ordinal «* o == ).
Ilcnee, the ordinal number
b2 + o +
is a limit ordinal, but
e R B e

iz not.

The remaining part of this section is devoted to caleulating the normal
form of « + B8, a8, and o,




o

hat
= ¥

hat
= 1
O

) &
D]

1ETH

[ e

).

Sec. 0.1 Normal Form 223

TueorREM 9.1.5. (a.h = w & ah = 0)—

(a) w*'a + wh = w{a+

(B) o << @ — w™a 4+ w®h = wFh,

Proof: Part (a) is true because multiplication from the left is dis-
tributive over addition (8.5.14).

To prove (b) we note that if & < 8, then there exists a v # 0 such that
B =a+ v Thus

w®a 4= Wb = wrg 4 Wb

el i T (8.5.3%)

— wa + «h) (8.5.11)

= il (ex. 3.4.1b)
= @ 7h (8.5.33)

= o'h. N

If o and A are given in normal form, we can calculate the normal form
of o 4+ 6 using 9.1.5. For example, if

&= o2 + o + o

and
B =3+ w2+ 1,
then
atB=w2Fdt+ o+t 241
= o] 4 o 4 W3 4?2 ] (9.1.4b)
= s e c e (9.1.4a)
If
o= o3 +a'd+2
and

B = w5 4t

then it follows from 9.1.4(b) that
o+ 8= o3 4+ 'S + ot

If the largest cxponent in « is smaller than the largest ¢xponent in 8,
then o + 3 = 4. Thus, if

o — ol 4 W5 4= ot
and

B = w3 4wl 4 5
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Samenvatting

Deze scriptie beschrijft een eindig termherschrijfsysteem (TRS) voor het rekenen met or-
dinalen tot ¢y. Voor het representeren van ordinalen wordt gebruik gemaakt van de T1-
representatie van Pierre Castéran. Van het verkregen termherschijfsysteem wordt bewezen
dat deze confluent (CR) en sterk terminerend (SN) is.

This paper describes a finite term rewriting system (TRS) to calculate with ordinals up to eg. The
ordinals will be represented like the T1 representation of Pierre Castéran [Cas05]. It will be proven
that the implemented TRS is confluent (CR) and strongly normalizing (SN).



Figuur 3.1: G(8 = w* ™3 + w* + w + 7)



Figuur 3.2: G(a = w12 4+ w¥ + 3)



If & and 8 are given in normal form, we con calculate the normal form
of o | 8 using 9.1.5. For example. if

@ = ¥ - o 4 oF

and
8=l + w2+ 1.
then
oy el R e ol g g coll e "3+ 1o i |
= ¢l = pid 3 A w2 - (S.1.4b)
= w2 + "7 + o2 + 1 (9.1.4a)

If



Ll

and

a= o'+ w7 + 3
8y = a™d | i)

Ga

-l"'l'Hj_

ey

= w4 4 9,

rrond = i
@154 4 10410
wlid - 140

|

aw®] 4+ 29
w'td + oY
e Sl S L R O R S e

in

(R.514)
{9.1.6l)
(8.5.33)

(8.5.11)
(9.1.6b, 8.3.33)
(2.1.6a)
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Voorbeeld
(W2 + w4 + w?) + (W3 4+ w2+ 1) = w2 4+ W7 + w?2 + 1

Dit is een voorbeeld uit Rubin, pagina 223, met o = w*2 + w34 + w? en B = w3 + wW?2 + 1.
Hieronder volgen de herschrijfstappen voor de berekening.

Ala,B) = A(C(w,1,w34 +w?),C(3,2,w?2 + 1))
—a3 A(C(w,1,w?4 4+ w?),C(3,2,w?2 + 1), R(w, 3))
—u AN(C(w,1,w34 4+ w?),C(3,2,w?2 + 1),
R*(C(1,0,0),C(0.2.0), Eq(1,0), Eq(0,2))
—eq3|eq2 A (C(w, 1, w34 +w?),C(3,2,w?2 + 1), R*(C(1,0,0),C(0,2,0), false, false))
7 AY(C(w,1,w?4 4+ w?),0(3,2,w?*2 + 1),R(1,0))
—3  A(C(w,1,w34 4+ w?),C(3,2,w?2 + 1), gt)
— a5 w,l A(w4 +w?,C(3,2,w?2+ 1))
s Clw, 1, A(C(3,3,07),C(3, 2,072 1 1), R(3,3))

C(

C( :
(w,l,A*( (3,3,w?),C(3,2,w?2+1),eq))
(w,1,C(3,C(0, A(3 2),0),w?2 + 1))
(
(
(

—lemma 3.3

—ab C
—a3,ab,... C W, 17 0(3 C( ) 22 + 1))
= (O(w,1,0(3,6, w22 +1))
= Cw,l,w37+w22+1)

W2 + w37 + w2+ 1



Voorbeeld
(W3 4+ w4 + 2) + (W*s + w?) = W3 + w5 + W?

Dit is een ander voorbeeld uit Rubin, pagina 223, met a = w®3 + w?4+2 en B = w5 + W2
Hieronder volgen de herschrijfstappen voor de berekening.

Ale, B) = A(C(6,2,w4 +2),C(4,4,w?))
—a3  A*(C(6,2,w°4 +2), 5, R(6,4))
~—lemma 3.7 A*(C(Ga 27w24 -+ 2)757gt)
—.5  C(6,2,A(C(2,3,2),0))
—a3 0(6 27A*(C(2 3 2) 67 ( 74)))
C(
C(

6,2, A*(C(2,3,2),5,1t))
6,2, 0) _w63+w45—1—w

—lemma 3.5

—ab




Voorbeeld
W23+ w? +w+T7) x (w2 +w” +3) = w2 4 W 4 WP W+ T

Dit is voorbeeld 8.6 uit Derivation and Computation [Sim00] en wordt door Harald Simmons
bewezen middels het interlacing principle. Neem 8 = w23 + w* + w + 7en a = w12 +
w* 4 3. Figuur 3.1 en 3.2 tonen respectievelijk de bomen G(3) en G(«a). Hieronder volgen de
herschrijfstappen voor de berekening.

M(B,0)= M(Cw+2,2,0+w+7),0w+1,1,w” +3))

—ms C(Aw+2,w+1),1,M(3,C(w,0,3)))
—m5 Alw+2,w+1),1,C(A(w + 2,w),0,M(5,3)))
—m4 Alw+2,w+1),1,C(A(w + 2,w),0,C(w + 2,
M(C(0,2,0), ),2),w +w+7)))
—m3 Alw+2,w+1),1,C(A(w + 2,w),0,C(w + 2,
A(M(C(0,2,0),1),C(0,2,0)),2), 0 +w +7)))
—m3 A(w+2w+1) 1,C(A(w+2,w),0,C(w+ 2,
A(A(M(C(0,2,0),0),C(0,2,0)),C(0,2,0)),2),w” +w+7)))
—m1 Alw + 2, w+1) 1,C(A(w+2,w),0,C(w + 2,
A(A(0,C(0,2,0)),C(0,2,0)),2),w” +w+7)))
—502 Alw+2,w+1),1 C’(A(w+2 w),0,C(w + 2,
A(C(0,2,0),C(0,2,0)),2),w” +w+7)))
—a3 A(w+2,w+1),1,C(A(w+2 w),0,C(w + 2,
A*(C(0,2,0),C(0,2,0), R(0,0)),2), 0 +w +7)))
—19 Alw+2,w+1),1,C(A(w + 2,w),0,C(w + 2,
A*(C(0,2,0),C(0,2,0),eq),2),w +w+7)))
—a6 w+2,w+1),1,C(A(w + 2,w),0,C(w + 2
0,C(0, A(2,2),0),0),C(0,1,0)),w* +w +7)))
—a3.26,....al w+2,w+1),1,C(Aw + 2,w),0,C(w + 2,

0,C(0,4,0),0),C(0,1,0)), & +w + 7))

—a3.a6,....al ), 1,C(A(w +2,w),0,C(w+ 2,8, +w+7)))

N oD wd 1),1,C(A*(C(L,0,2),C(1,0,0), R(1,1)),0,C(w + 2,8,0” +w +7)))
el 5.3 W+ 2,w+1),1,C(A*(C(1,0,2),C(1,0 0) 0),0,C(w + 2,8, +w + 7))

— a6 w+2,w+1),1,C(C(1,0(0, A(0,0),0),0),0,C(w + 2,8, w” +w+T)))

o w20 41),1,0(C(1.C(0,0,0),0),0,C(w + 2,86 + w+ 7))

—a3 A*(C(1,0,2),C(1,0,1),R(1,1)),1,C(C(1,C(0,0,0),0),0,C(w + 2,8, w* + w + T7)))
—lemma 3.3 A*(C(1,0,2),C(1,0,1),eq),1,C(C(1,C(0,0,0),0),0,C(w + 2,8, w* + w +T7)))

C(1,C(0,0,0),1),1,C(C(1,C(0,0,0),0),0,C(w + 2,8,w* +w +7)))
C(1,1,1),1,C(C(1,1,0),0,w0* 29 + w¥ + w + 7))

w2+ 1,1,C(w2,0,w* 29 + w* + w + 7))

w2+ 1,1, + w29 L Y +w + )

WL w2 029 LY w4 T

Qa0 QA2 Qe Qer QA0 Q0Q0




Voorbeeld
(W3 4w +w+7) x (W2 4+ w¥ +3) = w2 w? + w29+ W w47

Dit is voorbeeld 8.6 uit Derivation and Computation [Sim00] en wordt door Harald Simmons
bewezen middels het interlacing principle. Neem 3 = w23 + w¥ 4+ w + 7en a = w12 +
w* 4+ 3. Figuur 3.1 en 3.2 tonen respectievelijk de bomen G(3) en G(«). Hieronder volgen de
herschrijfstappen voor de berekening.



—a2

—a3

—r2

—ab

—a3,ab,...,al

—a3,ab,...,al

—a3

—lemma 3.3

—ab

M(C’(w+22w +w+7),Cw+1,1,w +3))
Alw+2,w+1),1,M(B,C(w,0,3)))
Alw+2,w+1),1,C(A(w + 2,w),0,M(5,3)))
A(w+2w—i—1),1 C(A(w + 2,w),0,C(w + 2,
2)
1)

M(C(0,2,0),2),2),w* +w+17)))
Aw+2,w+1),1,C(A(w + 2,w),0,C(w + 2,
A(M(C(0,2,0),1),C(0,2,0)),2),w* +w+7)))
Alw+2,w + )1,0( (Ww+2,w),0,C(w + 2,
A(A(M(C(0,2,0),0),C(0,2,0)),C(0,2,0)),2),w” +w +17)))
Alw+2,w + ),1,C(A(w+2 w),0,C(w + 2,
A(A(0,C(0,2,0)),C(0,2,0)),2),w” +w+T)))
Alw + 2, w—l—l),lC’A(w—i—2w)OC(w+2,
A(C(0,2,0),C(0,2,0)),2),w” +w+T7)))
Alw+2,w+1),1,C(Alw + 2,w),0,C(w + 2,
A*(C(0,2,0),€(0,2,0), R(0,0)),2),w” + w + 7))

Alw+2,w),0,C(w + 2,
), €

((020) (,2, ,eq),2),w? +w+7)))

Alw+2,w+1),1,C(A(w + 2,w),0,C(w + 2,
C(0,C(0,A(2,2),0),0),C(0,1,0)),w” + w+7)))

Alw+2,w+1),1,C(A(w + 2,w),0,C(w + 2,

C(0,C(0,4,0),0),C(0,1,0)),w* + w+17)))

Alw+2,w+1),1,C(Alw + 2,w),0,C(w+2,8,w* +w +7)))

Alw + 2,0+ 1),1,C(A*(C(1,0,2),C(1,0,0), R(1,1)),0,C(w + 2,8, + w +7)))
Alw+2,w+1),1,C(A*(C(1,0,2),C(1,0,0),eq),0,C(w + 2,8,w* + w+T7)))
Alw+2,w+1),1,C(C(1,C(0,A(0,0),0),0),0,C(w + 2,8, w” + w + 7)))

Alw +2,w +1),1,C(C(1,C(0,0,0),0),0,C(w + 2,8, +w +7)))
A*(C(1,0,2),C(1,0,1),R(1,1)),1,C(C(1,€(0,0,0),0),0,C(w + 2,8, w* +w +T7)))
C(A*(C(1,0,2),C(1,0,1),eq),1,C(C(1,C(0,0,0),0),0,C(w + 2,8, w” + w + 7)))

C(C(1,€(0,0,0),1),1,C(C(1,C(0,0,0),0),0,C(w + 2,8,w* +w +T7)))
C(1,1,1),1,C(C(1,1,0),0, w‘*’+29+w +w+7))

w2+1,1,w“’2+w‘“+29+w +w+7)




6 DUsing
F=u"T3 4w+ T © e T S e

slenlate 3 % o in a canonical form. Use this example to d.il_Eh:}I:l"-:"l!I' SOTLE useul rules
£ munipulation for ordinal arithmetie. Va b AT 2B

A -
e



by ancther use of the interlacing principle.
Finally
BT = Ao = W

and hence we aohtain

o= 2 o L T T

as the required result,
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Terminatiebewijs middels AProVE

In deze bijlage treft u de input en output aan voor het terminatiebewijs middels de APro-
VEtool (http://aprove.informatik.rwth-aachen.de/).

C.1 Input

[XI ul dl eI nl kl ll jl yl VI fl gl b]

a(x,nul) -> X

a(nul, x) -> X

a(c(x,n,y),c(u,k,v)) -> as(c(x,n,y),c(u,k,v),r(x,u))
as(c(x,n,y),c(u,k,v),1t) -> c(u,v,k)

as(c(xlnIY)lc(ulle)lgt) -> c(xlnla(ch(urle)))
as(c(x,n,y),c(u,k,v),eq) -> C(ch(nulla(nlk)lnul)lv)

m(x,nul) -> nul

m(nul,x) -> nul

m(c(nul,n,y),c(nul,k,v)) -> a(m(c(nul,n,nul),k),c(0,n,0))
m(c(c(d,1l,e),n,y),c(nul,k,v)) -> c(c(d,1l,e),a(m(c(nul,n,nul),k),n),v)
m(c(c(d,l,e),n,y),c(c(f,3,9),k,v)) -> c(a(c(d,1,e),c(f,3,9)),k,m(c(c(d,1,e),n,y),v))
r(nul,c(x,n,y)) -> 1t

r(nul,nul) -> eq

r(c(x,n,y),nul) -> gt

r(c(x,n,y),c(u,k,v)) -> rs(c(x,n,y),c(u,k,v),equal(x,u),equal(n,k))
rs(c(x,n,y),c(u,k,v), true, true) -> r(y,v)

rs(c(x,n,y),c(u,k,v), true, false) -> r(n,k)

rs(c(xlnrY)rc(ulkrV)r false, b) -> r(x,Y)

equal(nul,nul) -> true

equal(nul,c(x,n,y)) -> false

equal(c(x,n,y),nul) -> false

equal(c(x,n,y),c(u,k,v)) -> and(equal(x,u),and(equal(n,k),equal(y,v)))
and(false, x) -> false

and(true,x) -> X



Terminatiebewijs middels
Tyrolean Termination Tool

In deze bijlage treft u de input en output aan voor het terminatiebewijs middels de Tyrolean
Termination Tool (http://cl2-informatik.uibk.ac.at/ttt/).

B.1 Input

a(x,nul()) -> X3
a(nul(),x) ->  X;
a(c(x,n,y),c(x',n",y")) -> a#(c(x,n,y),c(x',n',y"),r(x,x"));

a#(c(x,n,y),c(x’',n’,y"),1t()) => c(x',n',y');
a#(c(x,n,y),c(x",n’,y"),9t()) -> c(x,n,a(y,c(x’',n’,y")));
a#(c(x,n,y),c(x’,n’,y"),eq()) -> c(x,c(nul(),a(n,n’),nul()),y’);
m(x,nul()) -> nul();
m(nul(),y) -> nul();
m(c(nul(),n,y),c(nul(),n’,y"))

-> a(m(c(nul(),n,nul()),n’"),c(nul(),n,nul()));
m(c(c(u,k,v),n,y),c(nul(),n’,y"))

-> c(¢c(u,k,v),a(m(c(nul(),n,nul()),n’),n),y):;
m(c(c(u,k,v),n,y),c(c(u’,k’,v'),n’,y"))

-> c(a(c(u,k,v),c(u’,k’,v")), n’, m(c(c(u,k,v),n,y),y"));:

r(nul(),c(x,n,y)) -> 1t();
r(nul(),nul()) -> eq();
r(c(x,n,y),nul()) -> gt();

r(c(x,n,y),c(x",n",y"))
-> r#(c(x,n,y),c(x’,n’,y’"),equal(x,x’),equal(n,n’));

r#(c(x,n,y),c(x’',n’,y’), true(), true()) -> r(y,y'):;
r#(c(x,n,y),c(x",n’,y"), true(), false()) -> r(n,n’");
r#(c(x,n,y),c(x’',n’,y"), false(), b) -> r(x,x');
equal(nul(),nul()) -> true();
equal(nul(),c(x,n,y)) -> false();
equal(c(x,n,y),nul()) -> false();

equal(c(x,n,y),c(x’,n’,y"))

-> and(equal(x,x’'),and(equal(n,n’),equal(y,y’')));
and(false(),x) -> false();
and(true(),x) -> X
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Therefore by (126) this sum is completely determined
by the conditions™®
. s | 1 =0,

111. m -} ' = (om ] ﬂ)’.

or in short the prodnet of the numbers m, z. This

therefore by (126) is completely determined by the

conditions
11. #12.] —

I1I. werd —mmen -+,



Definition I.1.2 (Grassmann [1861])
Ad z4+0==x

A5 x4+ S(y) — S(z+y)

AG -0—0

A7 2.8y} —xz-y + .



for now wo ctick to the official notation. Hach such operation is specified by

IE'E."IJ.IEIﬂI‘l over the second argument, ¢, with the st argument, 3, held fixed.
ion iz specified in terms of Suc, mu.ltrphmtmn ia specthied in terms of addition,

exponentiation in terms of multiplication.

(base) (step] (leap)
g+0=4 B+ =[3+a) g+p={A+o|a<u}
Gxl=0 fro=@xa+if frp=V{l=xale<u}
gt =1 g = (%) pr o= \ipe e < g}

. as usual, o iz an arbitrary ordinal and & is a lmit ordinal.  Also 7 is an
v ordineal.

for arbitrary e, 9, ¥ to produce the ordinal stacking function. The {base, step, leans
specification of this 1=

e, B0 = Dy, B.a) =G0 Dy f,u) = Vi3 0.0)|e < py

for arbitrary ordinals o, 4, and limit ordinals je. For finite o, [, ¢ the o
value J(=, 4, &) is just the natural number value. You might like to worry a
the value J(uwr, w,w) for a while,



In this book we always calculate with a limit ordinal via a selected cofinal s
of smaller ordinal. To do this efficiently we introduce an inportant idea.

8.3 DEFINITION. A fundamental sequence for a limit ordinal & is & function
ul-] 1 B — Qi
which i5 monotone and with a range that is cofinal in g, i.e. such that
o (¥r,a: H)[r < a= pulr] < pis]]
o (V7 Nlulr] <
o (Wy < w){3r: N)[y < pfr]]
hold.



—

A{lﬁ) — 2 )
A (52, $Cu)) _y (A L
A e, Ply,2)) > ',D(ACIJJ,. A (< ))

™ /:;ff 5(y)) = A(7Gn), %)

E(‘éﬂ‘ff o) = $lo)

E {0, 5(‘7}] .y f]{f(wz/f .?f:/
E(?; F(ﬁgz)j - /D .ré—_i'}frc?, &-*1;/‘3(,,*2) ]
. u ¢

.-f),-"






peﬂ(ek;m(: TRS

o2C 1+~ O el IR
w4y - Cxey)f
xX.0o - O

x.y' >&.y*r x
:t:" s

x7
x+(y:z) — (x+y):(x+Z)
x - (y:z) » (x-y):(>.z)

> y: = il 7 3 xz

— :u:Y_x

- X

nats (x) — =« nats(x”)
co —> pats (o)

B(x.y.o) 5 =x
B(x,y,z) - y
B Cx,y, w:z) > 3[1,):,‘9).' B(x.y,2)

B(x, v.2)
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x.o — O
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=2 4 —» act. x
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2« (y:z) » (=x-y)*(>.z)
T e

mts(x) —» = nats(x’)
co —> nats (o)

3 Cx; Vo o) - X
5(,;,7’ =) > ),B(x,y,z.)
Blxy, wiz) > BCx,y.4): Blxyz)

for arbitrarv o, &, v to produce the ordinal stacking function. The (base, step, leas
specification of this 18

Ay, B.0) =7 v B.a) =704 Dy, 8,04 =V{Im6e) e < pj

for arbitrary ordinals o, &, and limit ordinals je For finite &, 4, the ordine
value J(=, 4, &) is just the natural number value. You might like to worry aboss
the value Jiw, w,w) for a while,
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Figure 2.10



Definition 2.3.3. On T we define a reduction relation = as follows.
1 place marker at the top:
) =n*(l) (=t 0 k= 0)
2. make copies below lesser top. _1
if n > m, then n*(f) = m(n*(t),...,n*(t)) (j > 0 copies of n*(¢)]
3 push marker dowmn:
n” (s, £) =8 st o l) (7 = 0 copies of 57)
4. selecl wryurmnent. |
i b e T et kloh )



Example 2.

- " *'_
reduction 1n 4|

o 3.4, Figure 2.11 displays a
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put F(x) & F*(x)

copy F*(x) = G(F*(x),....F*(x)) (F > Q)
select F*(X1,...Xp) — Xj (1 <1<n)
down F*(x, G(y), z) = F(x, G*(y), z)

Table 1.1. Transformation rules for IPO with stars.




1.2. EXAMPLE. Let X contain binary symbols F, H, a unary G and constants A, B with the ordering F

>H and B > A. Then we have in T~ the reduction:

F(A, G(B)) put

F*(A, G(B)) “copy
H(F*(A, G(B)), F*(A, G(B))) “select
H(G(B), F*(A, G(B))) “put

H(G(B), F*(A, G*(B))) “select
H(G(B), F*(A, B)) “copy
H(G(B), H(F*(A, B), F*(A,B)))  select
H(G(B), H(A, F*(A, B))) select

H(G(B), H(A, B))



put F(x) = FK(x) k € 1)

copy Fk+l(x) = G(FK(x),...,.FX(x)) (F>G, k €1)
select FK(X1,....xp) = Xj (l1<i<n, k€EN)
down Fk(x, G(y), z) = F(x, GK(y), ) k, k'€ IV)

Table 3.1. Transformation rules for IPO with labels.
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Although &y may seem like a “large” ordinal, it 1s 1n fact a very
small countable ordinal. 'y 1s a much larger countable ordinal.

I'o 1s obtained by creating a large matrix whose rows and columns
are labeled by the countable ordinals. The i-th entry in row 0O
contains w' (where 1 ranges over the countable ordinals). The j-th
row (for j > 0) consists of all ordinals that are fixed points in every
previous row, 1n order, e.g., the first entry of row 1 1s €o. I'g 1s the
least ordinal a such that the first entry of row a 1s a. Another way of
thinking about this is that column O i1s a fast growing function,
going from O to € 1n one step; I'p 1s the first fixed point of this
function.
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Login classes of ordinals and enumerating functions

create new user A class of ordinals is just a subclass of the class On of all ordinals. For every class of ordinals A there is an
——— | | enumeraling function f,; defined by transfinite recursion:

Mg

- fula) = min{re M| f(3) <z foral 3 < a},

-"'.rgg.'rn \

tomet your password> | | @nd we define the order type of M by otype(M ) = dom( f). The possible values for this value are either

On or some ordinal o. The above function simply lists the elements of M in order. Note that it is not
= "J necessarily defined for all ordinals, although it is defined for a segment of the ordinals. If o < J then
saclions
Egg‘glsﬂpmd'a far(@) < far(3), 80 far is an order isomorphism between otype( M) and M.
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P For an ordinal ., we say M is w-closedifforany N C M suchthat |[N| < k,also sup N € M,
meta
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Veblen function (Dafinftion)

The Veblen function is used to obtain larger ordinal numbers than those provided by exponentiation. It builds on
a hierarchy of closed and unbounded classes:

e Cr(D) is the additively indecomposable numbers, H

e Cr(Sn) = Cr(n)’ the setof fixed points of the enumerating function of Cr(n)

e Cr(A) =, Cr(a)
The Veblen function o, 7 is defined by setting », equal to the enumerating function of Cr(a).

We call a number o strongly critical if a € C‘r(a-) . The class of strongly critical ordinals is written SC, and

the enumerating function is written fgc(a) = T,.

'y, the first strongly critical ordinal, is also called the Feferman-Schutte ordinal.
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For an ordinal x,we say M is x-closedifforany N C M suchthat |[N| < x,also sup N € M.
We say M is w-unboundedif forany a < k thereis some [ € M suchthat a < 4.
We say a function f : M — On is sk-continuousif M is r-closed and

f(sup N) = sup{f(a) | a € N}

A function is x-normal if it is order preserving ( a < J implies f(u-) % f(_;‘j’) ) and continuous. In particular,
the enumerating function of a x-closed class is always s-normal.

All these definitions can be easily extended to all ordinals: a class is closed (resp. unbounded) if itis r-closed
{unbounded) for all . A function is continuous (resp. normal) if itis x-continuous (normal) for all k.




10. Prove (F € (On)?* & F is a continuous, strictly monotonically increasing
function) — Ga)(Fla) = a).

9.5. EPSIL.ON NUMBERS

a R 4= ~ -
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Definitic 6.10: Enumeraties van gesloten collecties heten normaal,

Een normale operatie is dus een ordinaal-waardige strikt monotone
goperatie gedeflniecrd op cou v dinaalgctal of op OR die continu 1s 1n
de zin van de interval-topologie (zie 6.6).

Als ¢ een enumeratie is en « € Dom o dan is o <% ¢(x): anders bestond
cen kleinste o c Dom o met o(x) < %, maar dan was d(a(2) < o(a),
in strijd met de minimaliteit van «. Een 2 & Dom ¢ mel o(zx) = o heet
dekpunt van ¢. Enumeratics hoeven goen dekpunten te hebben: de
cnumeratie ¢ van alle opvolgers gedefinieerd door o() := o + 1
heeft bij voorheeld geen dekpunten. Deze enumeratic 1s ook niel noi-
maal: o(w) = © + 1 terwiil |J o) = {J (@ + 1) = @.

| HE i n-=a

Voor het semak houden we ons in het volgende uitsluitend bezig met
sormale vperaties gedefinicerd op alle ordinaalgetallen; dit zijn dus
S- snumeraties van geslaten collecties die cofinaal ziin in OR. Hier-
woor hebben we de volgende dekpunistelling :

Seefling 6.11: De dekpunten van een normale operatie vormen een
== oten collectie cofinaal in OR.

201



~_=al ¢ een normale operatie zijn; dan is het mogelyk het bestaan van
=== hinaire operatie t te bewijzen z0 dat voor . (ff) := z{z, B) aan de
~ +zende voorwaarden is voldaan: (7) o, = o (if) 0,4 18 de enuinera-
. soperatie van de dekpunten van o,; (iif) als Lim %, dan enumereert

" 2z collectie {6:VE < o g:(0) = 0}. Merk op. dat het recursie-

= una afel van loepassing is op (()—(/f) omdat de o, geen verzame-
~ “zen zijn. Uit het laatste lemma volgt dat alle 5, normaal zijn en dat
«-alzre B die dekpunt zijn van ¢ ook dekpunt zijn van ¢, als o < f.

- Seat de g-dde gf{rgfﬂ{f& vdll 4.

: -.:w_-..i-.u_i..l‘.i.-h ﬁ 14
- Als A, € OR gesloten is en cofinaal in OR voor « € OR dan is
= () A4,} gesloten en cofinaal in OR.

=g




Met behulp van de voorgaande resultaten kunnen we sterker en ster-
ker stijcende normale operaties construcren uitgaande vdn €€n NOr-
male operatie ¢ die van de identiteil verschilt: als o, de a-de afgeleide
van ¢ is, dun stijgt o, sncller dan oy als B < «. Als g, 4, enumereert,
dan stijgt de enumeratie T van A:=iB:Be () 4.} uiteindelijk sncl-
ler dan iedere 4, omdat 4 — o & 4. e

We kunnen vervolgens het proces dat van ¢ naar 7 voert itereren
over OR en weer ‘diagonalizeren’ etc. €tc.; een regulier dekpunt « van
o blijft echter dekpunt van iedeie 20 verkrcezen normale operatie als
we ulleen indices < « toelaten.
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Problem of Skolem.

Nothing to do with logic really, but just about every one who’s made a
contribution works in logic..

Consider the set of formal terms S defined inductively below:

i) The symbols 1 and X are in S.
i1) If 4 and v are in S, then so are (u + v), (uxwv), and u" .

Each term determines in a natural way a function of one variable on
positive natural numbers.

Consider the ordering of the functions.

f < giff f(x) < g(x) for sufficiently large z.
(Questions:
1) Is it a linear ordering? (Yes, Richardson)
2) Is it a well ordering? (Yes, Ehrenfeucht using Kruskal’s Theorem)
3) If yes to the above, what’s the ordinal? (Unknown)

Skolem showed ¢j 1s a lower bound. Levitz showed that the first critical
epsilon number is an upper bound. The first critical epsilon number is
defined as follows. Arrange the solutions of w® = z in order and call them
€y, €1, €2, .... etc. Then the first critical epsilon number is the smallest
member of the sequence equal to own subscript.

Levitz, Van den Dries, and Dahn have partial results supporting the
conjecture that the actual ordinal is ¢y






note for aart:
the next 4 slides about the worm principle
are from a lecture of lev beklemisheyv,
utrecht university

4. The Worm Principle

Worm is a function f : [0,n] — N.

List: w = (f(0), f(1),..., f(n))
Word: w = 2102031
i




4.1. Rules of the game
First define a function next(w, m):

L. If f(n) =0 then
next(w, m) = (f(0),..., f(n —1)).

2.If f(n) > 0let k :=max;-, f(i) < f(n);

r:=(f(0),...,f(k);
s=(f(k+1),...,f(n=1), f(n)—1);

next(w, m) ;=1 kgx Sk - %3,
m+1 times

next (2102031, 1) = 210203030
k=4;r=21020; s = 30.

Now let wy := w and w,, 1 := next(w,,n + 1).



wo = 2102031
w; = 210203030

wy = 21020303

ws = 21020302222

wy = 210203022212221222122212221
ws = 2102030(22212221222122212220)°

Notice that w,, is an elementary function.
lw,| < (n 4+ 2)! - |w|



Every Worm Dies & Vwdn w,, = &

Th.5. EWD is true but unprovable in PA.

Th. 6. EWD is EA-equivalent to 1-Con(PA).

1-Con(T') means “(T' + all true I1) is consistent’



