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How to Count Up to the First Epsilon

Note: Several boring passages in the following sequence are omitted. The way it should proceed at these spots is, however, quite clear. Similar cuts 

would be necessary even if presenting only the series up to one billion or less. 
 0

  1

  2

  3

  4

  ...

 omega

    omega + 1

    omega + 2

    omega + 3

    omega + 4

    ...

   omega * 2

    omega * 2 + 1

    omega * 2 + 2

    omega * 2 + 3

    omega * 2 + 4

    ...

   omega * 3

    omega * 3 + 1

    omega * 3 + 2

    omega * 3 + 3

    omega * 3 + 4

    ...

   omega * 4, ...

   ...

  omega^2

     omega^2 + 1

     omega^2 + 2

     omega^2 + 3

     omega^2 + 4
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just the reverse as in process algebra!



Rekenen met ordinalen in een termherschrijfsysteem
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Samenvatting

Deze scriptie beschrijft een eindig termherschrijfsysteem (TRS) voor het rekenen met or-
dinalen tot ε0. Voor het representeren van ordinalen wordt gebruik gemaakt van de T1-
representatie van Pierre Castéran. Van het verkregen termherschijfsysteem wordt bewezen
dat deze confluent (CR) en sterk terminerend (SN) is.

This paper describes a finite term rewriting system (TRS) to calculate with ordinals up to ε0. The
ordinals will be represented like the T1 representation of Pierre Castéran [Cas05]. It will be proven
that the implemented TRS is confluent (CR) and strongly normalizing (SN).
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Figuur 3.1: G(β = ωω+23 + ωω + ω + 7)
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Figuur 3.2: G(α = ωω+12 + ωω + 3)







om de term in een leesbaar ordinaal om te zetten.

Voorbeeld

(ωω2 + ω34 + ω2) + (ω33 + ω22 + 1) = ωω2 + ω37 + ω22 + 1

Dit is een voorbeeld uit Rubin, pagina 223, met α = ωω2 + ω34 + ω2 en β = ω33 + ω22 + 1.
Hieronder volgen de herschrijfstappen voor de berekening.

A(α,β) ≡ A(C(ω, 1,ω34 + ω2), C(3, 2,ω22 + 1))
→a3 A"(C(ω, 1,ω34 + ω2), C(3, 2,ω22 + 1), R(ω, 3))

→r4 A"(C(ω, 1,ω34 + ω2), C(3, 2,ω22 + 1),
R"(C(1, 0, 0), C(0, 2, 0), Eq(1, 0), Eq(0, 2))

→eq3|eq2 A"(C(ω, 1,ω34 + ω2), C(3, 2,ω22 + 1), R"(C(1, 0, 0), C(0, 2, 0), false, false))

→r7 A"(C(ω, 1,ω34 + ω2), C(3, 2,ω22 + 1), R(1, 0))

→r3 A"(C(ω, 1,ω34 + ω2), C(3, 2,ω22 + 1), gt)

→a5 C(ω, 1, A(ω34 + ω2, C(3, 2,ω22 + 1)))

→a3 C(ω, 1, A(C(3, 3,ω2), C(3, 2,ω22 + 1), R(3, 3)))

!lemma 3.3 C(ω, 1, A"(C(3, 3,ω2), C(3, 2,ω22 + 1), eq))

→a6 C(ω, 1, C(3, C(0, A(3, 2), 0),ω22 + 1))

!a3,a6,...
C(ω, 1, C(3, C(0, 5, 0),ω22 + 1))

≡ C(ω, 1, C(3, 6,ω22 + 1))

≡ C(ω, 1,ω37 + ω22 + 1)
≡ ωω2 + ω37 + ω22 + 1



Voorbeeld

(ω63 + ω24 + 2) + (ω45 + ω2) = ω63 + ω45 + ω2

Dit is een ander voorbeeld uit Rubin, pagina 223, met α = ω63 + ω24+2 en β = ω45 + ω2.
Hieronder volgen de herschrijfstappen voor de berekening.

A(α,β) ≡ A(C(6, 2,ω24 + 2), C(4, 4,ω2))
→a3 A"(C(6, 2,ω24 + 2),β, R(6, 4))

!lemma 3.7 A"(C(6, 2,ω24 + 2),β, gt)
→a5 C(6, 2, A(C(2, 3, 2),β))

→a3 C(6, 2, A"(C(2, 3, 2),β, R(2, 4)))

!lemma 3.5 C(6, 2, A"(C(2, 3, 2),β, lt))

→a5 C(6, 2,β) ≡ ω63 + ω45 + ω2



Voorbeeld

(ωω+23 + ωω + ω + 7) × (ωω+12 + ωω + 3) = ωω2+12 + ωω2 + ωω+29 + ωω + ω + 7

Dit is voorbeeld 8.6 uit Derivation and Computation [Sim00] en wordt door Harald Simmons
bewezen middels het interlacing principle. Neem β = ωω+23 + ωω + ω + 7 en α = ωω+12 +
ωω + 3. Figuur 3.1 en 3.2 tonen respectievelijk de bomen G(β) en G(α). Hieronder volgen de
herschrijfstappen voor de berekening.

M(β,α) ≡ M(C(ω + 2, 2,ωω + ω + 7), C(ω + 1, 1,ωω + 3))
→m5 C(A(ω + 2,ω + 1), 1,M(β, C(ω, 0, 3)))

→m5 C(A(ω + 2,ω + 1), 1, C(A(ω + 2,ω), 0,M(β, 3)))

→m4 C(A(ω + 2,ω + 1), 1, C(A(ω + 2,ω), 0, C(ω + 2,
A(M(C(0, 2, 0), 2), 2),ωω + ω + 7)))

→m3 C(A(ω + 2,ω + 1), 1, C(A(ω + 2,ω), 0, C(ω + 2,
A(A(M(C(0, 2, 0), 1), C(0, 2, 0)), 2),ωω + ω + 7)))

→m3 C(A(ω + 2,ω + 1), 1, C(A(ω + 2,ω), 0, C(ω + 2,
A(A(A(M(C(0, 2, 0), 0), C(0, 2, 0)), C(0, 2, 0)), 2),ωω + ω + 7)))

→m1 C(A(ω + 2,ω + 1), 1, C(A(ω + 2,ω), 0, C(ω + 2,
A(A(A(0, C(0, 2, 0)), C(0, 2, 0)), 2),ωω + ω + 7)))

→a2 C(A(ω + 2,ω + 1), 1, C(A(ω + 2,ω), 0, C(ω + 2,
A(A(C(0, 2, 0), C(0, 2, 0)), 2),ωω + ω + 7)))

→a3 C(A(ω + 2,ω + 1), 1, C(A(ω + 2,ω), 0, C(ω + 2,
A(A"(C(0, 2, 0), C(0, 2, 0), R(0, 0)), 2),ωω + ω + 7)))

→r2 C(A(ω + 2,ω + 1), 1, C(A(ω + 2,ω), 0, C(ω + 2,
A(A"(C(0, 2, 0), C(0, 2, 0), eq), 2),ωω + ω + 7)))

→a6 C(A(ω + 2,ω + 1), 1, C(A(ω + 2,ω), 0, C(ω + 2,
A(C(0, C(0, A(2, 2), 0), 0), C(0, 1, 0)),ωω + ω + 7)))

!a3,a6,...,a1 C(A(ω + 2,ω + 1), 1, C(A(ω + 2,ω), 0, C(ω + 2,
A(C(0, C(0, 4, 0), 0), C(0, 1, 0)),ωω + ω + 7)))

!a3,a6,...,a1 C(A(ω + 2,ω + 1), 1, C(A(ω + 2,ω), 0, C(ω + 2, 8,ωω + ω + 7)))

→a3 C(A(ω + 2,ω + 1), 1, C(A"(C(1, 0, 2), C(1, 0, 0), R(1, 1)), 0, C(ω + 2, 8,ωω + ω + 7)))

!lemma 3.3 C(A(ω + 2,ω + 1), 1, C(A"(C(1, 0, 2), C(1, 0, 0), eq), 0, C(ω + 2, 8,ωω + ω + 7)))

→a6 C(A(ω + 2,ω + 1), 1, C(C(1, C(0, A(0, 0), 0), 0), 0, C(ω + 2, 8,ωω + ω + 7)))

→a1 C(A(ω + 2,ω + 1), 1, C(C(1, C(0, 0, 0), 0), 0, C(ω + 2, 8,ωω + ω + 7)))

→a3 C(A"(C(1, 0, 2), C(1, 0, 1), R(1, 1)), 1, C(C(1, C(0, 0, 0), 0), 0, C(ω + 2, 8,ωω + ω + 7)))

!lemma 3.3 C(A"(C(1, 0, 2), C(1, 0, 1), eq), 1, C(C(1, C(0, 0, 0), 0), 0, C(ω + 2, 8,ωω + ω + 7)))

!a6,a1 C(C(1, C(0, 0, 0), 1), 1, C(C(1, C(0, 0, 0), 0), 0, C(ω + 2, 8,ωω + ω + 7)))

≡ C(C(1, 1, 1), 1, C(C(1, 1, 0), 0,ωω+29 + ωω + ω + 7))

≡ C(ω2 + 1, 1, C(ω2, 0,ωω+29 + ωω + ω + 7))

≡ C(ω2 + 1, 1,ωω2 + ωω+29 + ωω + ω + 7)

≡ ωω2+12 + ωω2 + ωω+29 + ωω + ω + 7



Voorbeeld

(ωω+23 + ωω + ω + 7) × (ωω+12 + ωω + 3) = ωω2+12 + ωω2 + ωω+29 + ωω + ω + 7

Dit is voorbeeld 8.6 uit Derivation and Computation [Sim00] en wordt door Harald Simmons
bewezen middels het interlacing principle. Neem β = ωω+23 + ωω + ω + 7 en α = ωω+12 +
ωω + 3. Figuur 3.1 en 3.2 tonen respectievelijk de bomen G(β) en G(α). Hieronder volgen de
herschrijfstappen voor de berekening.



M(β,α) ≡ M(C(ω + 2, 2,ωω + ω + 7), C(ω + 1, 1,ωω + 3))
→m5 C(A(ω + 2,ω + 1), 1,M(β, C(ω, 0, 3)))

→m5 C(A(ω + 2,ω + 1), 1, C(A(ω + 2,ω), 0,M(β, 3)))

→m4 C(A(ω + 2,ω + 1), 1, C(A(ω + 2,ω), 0, C(ω + 2,
A(M(C(0, 2, 0), 2), 2),ωω + ω + 7)))

→m3 C(A(ω + 2,ω + 1), 1, C(A(ω + 2,ω), 0, C(ω + 2,
A(A(M(C(0, 2, 0), 1), C(0, 2, 0)), 2),ωω + ω + 7)))

→m3 C(A(ω + 2,ω + 1), 1, C(A(ω + 2,ω), 0, C(ω + 2,
A(A(A(M(C(0, 2, 0), 0), C(0, 2, 0)), C(0, 2, 0)), 2),ωω + ω + 7)))

→m1 C(A(ω + 2,ω + 1), 1, C(A(ω + 2,ω), 0, C(ω + 2,
A(A(A(0, C(0, 2, 0)), C(0, 2, 0)), 2),ωω + ω + 7)))

→a2 C(A(ω + 2,ω + 1), 1, C(A(ω + 2,ω), 0, C(ω + 2,
A(A(C(0, 2, 0), C(0, 2, 0)), 2),ωω + ω + 7)))

→a3 C(A(ω + 2,ω + 1), 1, C(A(ω + 2,ω), 0, C(ω + 2,
A(A"(C(0, 2, 0), C(0, 2, 0), R(0, 0)), 2),ωω + ω + 7)))

→r2 C(A(ω + 2,ω + 1), 1, C(A(ω + 2,ω), 0, C(ω + 2,
A(A"(C(0, 2, 0), C(0, 2, 0), eq), 2),ωω + ω + 7)))

→a6 C(A(ω + 2,ω + 1), 1, C(A(ω + 2,ω), 0, C(ω + 2,
A(C(0, C(0, A(2, 2), 0), 0), C(0, 1, 0)),ωω + ω + 7)))

!a3,a6,...,a1 C(A(ω + 2,ω + 1), 1, C(A(ω + 2,ω), 0, C(ω + 2,
A(C(0, C(0, 4, 0), 0), C(0, 1, 0)),ωω + ω + 7)))

!a3,a6,...,a1 C(A(ω + 2,ω + 1), 1, C(A(ω + 2,ω), 0, C(ω + 2, 8,ωω + ω + 7)))

→a3 C(A(ω + 2,ω + 1), 1, C(A"(C(1, 0, 2), C(1, 0, 0), R(1, 1)), 0, C(ω + 2, 8,ωω + ω + 7)))

!lemma 3.3 C(A(ω + 2,ω + 1), 1, C(A"(C(1, 0, 2), C(1, 0, 0), eq), 0, C(ω + 2, 8,ωω + ω + 7)))

→a6 C(A(ω + 2,ω + 1), 1, C(C(1, C(0, A(0, 0), 0), 0), 0, C(ω + 2, 8,ωω + ω + 7)))

→a1 C(A(ω + 2,ω + 1), 1, C(C(1, C(0, 0, 0), 0), 0, C(ω + 2, 8,ωω + ω + 7)))

→a3 C(A"(C(1, 0, 2), C(1, 0, 1), R(1, 1)), 1, C(C(1, C(0, 0, 0), 0), 0, C(ω + 2, 8,ωω + ω + 7)))

!lemma 3.3 C(A"(C(1, 0, 2), C(1, 0, 1), eq), 1, C(C(1, C(0, 0, 0), 0), 0, C(ω + 2, 8,ωω + ω + 7)))

!a6,a1 C(C(1, C(0, 0, 0), 1), 1, C(C(1, C(0, 0, 0), 0), 0, C(ω + 2, 8,ωω + ω + 7)))

≡ C(C(1, 1, 1), 1, C(C(1, 1, 0), 0,ωω+29 + ωω + ω + 7))

≡ C(ω2 + 1, 1, C(ω2, 0,ωω+29 + ωω + ω + 7))

≡ C(ω2 + 1, 1,ωω2 + ωω+29 + ωω + ω + 7)

≡ ωω2+12 + ωω2 + ωω+29 + ωω + ω + 7
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Terminatiebewijs middels AProVE

In deze bijlage treft u de input en output aan voor het terminatiebewijs middels de APro-
VEtool (http://aprove.informatik.rwth-aachen.de/).

C.1 Input

[x, u, d, e, n, k, l, j, y, v, f, g, b]

a(x,nul) -> x

a(nul,x) -> x

a(c(x,n,y),c(u,k,v)) -> as(c(x,n,y),c(u,k,v),r(x,u))

as(c(x,n,y),c(u,k,v),lt) -> c(u,v,k)

as(c(x,n,y),c(u,k,v),gt) -> c(x,n,a(y,c(u,k,v)))

as(c(x,n,y),c(u,k,v),eq) -> c(x,c(nul,a(n,k),nul),v)

m(x,nul) -> nul

m(nul,x) -> nul

m(c(nul,n,y),c(nul,k,v)) -> a(m(c(nul,n,nul),k),c(0,n,0))

m(c(c(d,l,e),n,y),c(nul,k,v)) -> c(c(d,l,e),a(m(c(nul,n,nul),k),n),v)

m(c(c(d,l,e),n,y),c(c(f,j,g),k,v)) -> c(a(c(d,l,e),c(f,j,g)),k,m(c(c(d,l,e),n,y),v))

r(nul,c(x,n,y)) -> lt

r(nul,nul) -> eq

r(c(x,n,y),nul) -> gt

r(c(x,n,y),c(u,k,v)) -> rs(c(x,n,y),c(u,k,v),equal(x,u),equal(n,k))

rs(c(x,n,y),c(u,k,v), true, true) -> r(y,v)

rs(c(x,n,y),c(u,k,v), true, false) -> r(n,k)

rs(c(x,n,y),c(u,k,v), false, b) -> r(x,y)

equal(nul,nul) -> true

equal(nul,c(x,n,y)) -> false

equal(c(x,n,y),nul) -> false

equal(c(x,n,y),c(u,k,v)) -> and(equal(x,u),and(equal(n,k),equal(y,v)))

and(false,x) -> false

and(true,x) -> x



Terminatiebewijs middels
Tyrolean Termination Tool

In deze bijlage treft u de input en output aan voor het terminatiebewijs middels de Tyrolean
Termination Tool (http://cl2-informatik.uibk.ac.at/ttt/).

B.1 Input

a(x,nul()) -> x;

a(nul(),x) -> x;

a(c(x,n,y),c(x’,n’,y’)) -> a#(c(x,n,y),c(x’,n’,y’),r(x,x’));

a#(c(x,n,y),c(x’,n’,y’),lt()) -> c(x’,n’,y’);

a#(c(x,n,y),c(x’,n’,y’),gt()) -> c(x,n,a(y,c(x’,n’,y’)));

a#(c(x,n,y),c(x’,n’,y’),eq()) -> c(x,c(nul(),a(n,n’),nul()),y’);

m(x,nul()) -> nul();

m(nul(),y) -> nul();

m(c(nul(),n,y),c(nul(),n’,y’))

-> a(m(c(nul(),n,nul()),n’),c(nul(),n,nul()));

m(c(c(u,k,v),n,y),c(nul(),n’,y’))

-> c(c(u,k,v),a(m(c(nul(),n,nul()),n’),n),y);

m(c(c(u,k,v),n,y),c(c(u’,k’,v’),n’,y’))

-> c(a(c(u,k,v),c(u’,k’,v’)), n’, m(c(c(u,k,v),n,y),y’));

r(nul(),c(x,n,y)) -> lt();

r(nul(),nul()) -> eq();

r(c(x,n,y),nul()) -> gt();

r(c(x,n,y),c(x’,n’,y’))

-> r#(c(x,n,y),c(x’,n’,y’),equal(x,x’),equal(n,n’));

r#(c(x,n,y),c(x’,n’,y’), true(), true()) -> r(y,y’);

r#(c(x,n,y),c(x’,n’,y’), true(), false()) -> r(n,n’);

r#(c(x,n,y),c(x’,n’,y’), false(), b) -> r(x,x’);

equal(nul(),nul()) -> true();

equal(nul(),c(x,n,y)) -> false();

equal(c(x,n,y),nul()) -> false();

equal(c(x,n,y),c(x’,n’,y’))

-> and(equal(x,x’),and(equal(n,n’),equal(y,y’)));

and(false(),x) -> false();

and(true(),x) -> x;
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put F(x) !  F*(x)

copy F*(x) !  G(F*(x),...,F*(x)) (F > G)

select F*(x1,...,xn) !  xi (1 ! i ! n)

down F*(x, G(y), z) ! F(x, G*(y), z) 

Table 1.1. Transformation rules for IPO with stars.



1.2. EXAMPLE. Let # contain binary symbols F, H, a unary G and constants A, B with the ordering F 

> H and B > A. Then we have in T* the reduction:

F(A, G(B)) !put

F*(A, G(B)) !copy

H(F*(A, G(B)), F*(A, G(B))) !select

H(G(B), F*(A, G(B))) !put

H(G(B), F*(A, G*(B))) !select

H(G(B), F*(A, B)) !copy

H(G(B), H(F*(A, B), F*(A, B))) !select

H(G(B), H(A, F*(A, B))) !select

H(G(B), H(A,  B))



put F(x) !  Fk(x) (k " N)

copy Fk+1(x) !  G(Fk(x),...,Fk(x)) (F > G, k " N)

select Fk(x1,...,xn) !  xi (1 ! i ! n, k " N)

down Fk(x, G(y), z) ! F(x, Gk'(y), z) (k, k' " N)

Table 3.1. Transformation rules for IPO with labels.



The Matrix

Part I





Although ε0 may seem like a “large” ordinal, it is in fact a very 

small countable ordinal. Γ0 is a much larger countable ordinal. 

Γ0 is obtained by creating a large matrix whose rows and columns 

are labeled by the countable ordinals. The i-th entry in row 0 

contains ωi (where i ranges over the countable ordinals). The j-th 

row (for j > 0) consists of all ordinals that are fixed points in every 

previous row, in order, e.g., the first entry of row 1 is ε0. Γ0 is the 

least ordinal a such that the first entry of row a is a. Another way of 

thinking about this is that column 0 is a fast growing function, 

going from 0 to ε0 in one step; Γ0 is the first fixed point of this 

function.
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4. The Worm Principle

Worm is a function f : [0, n] → N.

List: w = (f (0), f(1), . . . , f (n))
Word: w = 2102031

note for aart:
the next 4 slides about the worm principle

are from a lecture of lev beklemishev,
utrecht university



4.1. Rules of the game

First define a function next(w, m):

1. If f (n) = 0 then

next(w, m) := (f (0), . . . , f (n − 1)).

2. If f (n) > 0 let k := maxi<n f (i) < f (n);

r := (f (0), . . . , f (k));
s := (f (k + 1), . . . , f (n − 1), f(n) − 1);
next(w, m) := r ∗ s ∗ s ∗ · · · ∗ s︸ ︷︷ ︸

m+1 times

.

next(2102031, 1) = 210203030
k = 4; r = 21020; s = 30.

Now let w0 := w and wn+1 := next(wn, n + 1).



w0 = 2102031

w1 = 210203030

w2 = 21020303

w3 = 21020302222

w4 = 210203022212221222122212221

w5 = 2102030(22212221222122212220)6

. . .

Notice that wn is an elementary function.

|wn| ≤ (n + 2)! · |w0|



Every Worm Dies ⇔ ∀w∃n wn = ∅

Th. 5. EWD is true but unprovable in PA.

Th. 6. EWD is EA-equivalent to 1-Con(PA).

1-Con(T ) means “(T + all true Π
0

1
) is consistent”


